Abstract. All 7-dimensional subalgebras of the 8-dimensional Clifford algebra over the field C of complex numbers are found. Canonical bases are used throughout the determination. It is found that the 8-dimensional Clifford algebra over C has exactly eight 7-dimensional subalgebras and each of these eight is over the complex numbers. It follows that the 8-dimensional Clifford algebra over C has no 7-dimensional subalgebra over the real numbers. Another consequence is that the eight 7-dimensional subalgebras of the 8-dimentional Clifford over C are in fact 7-dimensional subalgebras of all 2 n -dimensional Clifford algebras over C for ≥ 3.
Let
be the n−dimensional vector space with its standard basis 1 , 2 , … , . The Clifford algebra over is the associative algebra whose generators are = 1 2 … for each possible index = ( 1 2 … ) that is a subset of {1,2, …, n} with 1 < 2 < ⋯ < . It follows that (as a vector space) the dimension of the Clifford algebra over is 2 . The multiplicative identity element of the Clifford algebra is ∅ . It is also denoted by 0 and 1; and, it has the following property As mentioned, the multiplication operation of the Clifford algebra is associative, so ( ) = ( ) for any elements , , of the Clifford algebra. An arbitrary element of the Clifford algebra over is AA A a a e   , using all indices = ( 1 2 … ). We denote the Clifford algebra over by (n,C), when the coefficients are complex numbers and by g(n,R), when the coefficients are real numbers. For more information about Clifford algebras, see, for example, [1] .
Classification of subalgebras is a fundamental way to gain understanding of any algebra. What can we say about subalgebras of the Clifford algebra (n,C)? First, it is easy to see that the Clifford algebra (n,C) is a 2 −dimensional subalgebra of the 2 + −dimensional Clifford algebra (n+k,C) with ≥ 0. This leads to the more general and equally obvious statement.
Lemma. If is a subalgebra of −dimensional Clifford algebra (n,C), then is also a subalgebra of + −dimensional Clifford algebra (n+k,C), where ≥ .
A lot of properties of Clifford algebras have been established, and some concern subalgebras. For example, equal rank subalgebras are discussed by E. Meinrenken in his book [2] . An answer to the following question would be real progress in the analysis of Clifford algebras: Does the Clifford algebra (n,C) have −dimensional subalgebras for 2 −1 < < 2 ? This article answers this 
Every 7-dimensional subalgebra of (3,C) is a subspace of (3,C) and hence is associated with exactly one of these 8 canonical bases for some choice of the parameters . To determine which subspaces of (3,C) are subalgebras, we use the well-known fact, that a subspace ℎ of (3,C) is a subalgebra of (3,C) if and only if ∈ ℎ for any two elements ∈ ℎ and ∈ ℎ. So, for each of the 8 canonical bases we find all products for , = 1, 2, 3, 4, 5, 6, 7, and then determine whether or not all products are in ℎ = { 1 , 2 , 3 , 4 , 5 , 6 , 7 }. Specifically, for each of the 8 canonical bases we find all products for , = 1, 2, 3, 4, 5, 6, 7, and then determine whether or not 1 , 2 , 3 , 4 , 5 , 6 , 7 exist in C so that = 1 1 + 2 2 + 3 3 + 4 4 + 5 5 + 6 6 + 7 7 . The solutions to this equation are found by expressing each in terms of generators of (3,C) and then equating the coefficients from each side of the equation for corresponding generators. This technique either a) establishes conditions on the parameters for a solution for the to exist or b) establishes that there is no solution. In case a) a subalgebra of (3,C) is associated with the canonical basis. In case b) no subalgebra of (3,C) is associated with the canonical basis. To determine if this is in h, set it equal to 1 1 + 2 2 + 3 3 + 4 4 + 5 5 + 6 6 + 7 7 , express each in terms of the generators of (3, C), and solve for the . This procedure yields a solution ( 1 = 3 = 4 = 5 = 6 = 0, 2 = − 17 , 7 = 1 ) , if the condition 17 27 = 0 is met. For the product 2 7 we have 2 7 = ( 1 + 27 ) = − − 27 1 . By following the same technique, this is in ℎ, if 27 2 = 1. Under this condition, the previous condition ( 17 27 = 0) is equivalent to 17 = 0. Next, the product 3 7 = ( 2 + 37 ) = − 37 1 is in ℎ, if − 27 37 + 67 = 0. The product 4 7 = ( 3 + 47 ) = − − 47 1 is in ℎ, if 27 47 + 57 = 0. The product 5 7 = ( + 57 ) = − 3 − 57 1 is in ℎ, if 27 57 + 47 = 0. This is not a new condition. Since 27 2 = 1, it is equivalent to 27 47 + 57 = 0 which is the condition for 4 7 to be in h. The product 6 7 = ( + 67 ) = 2 − 67 1 is in ℎ, if − 27 67 + 37 = 0. This condition is also not new. Since 27 2 = 1, it is equivalent to − 27 37 + 67 = 0 which is the condition for 3 7 to be in h. 3 3 ∈ ℎ, 4 4 ∈ ℎ, 5 5 ∈ ℎ, 6 6 ∈ ℎ, 7 7 ∈ ℎ. Also, since 17 = 0, we have 1 = 1 and, therefore, 1 2 = 2 1 = 2 , 1 3 = 3 1 = 3 , 1 4 = 4 1 = 4 , 1 5 = 5 1 = 5 , 1 6 = 6 1 = 6 . So, all of these products are in h without requiring any additional conditions for parameters 17 , 27 , 37 , 47 , 57 , 67 .
Basis (1)
Additionally, the products 7 1 , 7 2 , 7 3 , 7 4 , 7 5 , 7 6 are in h without requiring any additional conditions for parameters 17 , 27 , 37 , 47 , 57 , 67 . These products are equal to Now consider the remaining products of basic elements for Basis (2) . For each, we will use the technique employed above to find any condition that must be met for the product to belong to ℎ.
The product 2 3 = ( 1 + 27 )( 2 + 37 ) = + 37 + 27 3 − 27 37 is in ℎ, if 27 47 + 57 = 0. The same condition is required for 3 2 to be in ℎ. This condition is in the initial list.
Next, 2 4 = ( 1 + 27 )( 3 + 47 ) = + 47 − 27 2 − 27 47 is in ℎ, if − 27 37 + 67 = 0. The same condition is required for 4 2 to be in ℎ. This condition is in the initial list.
Next, 2 5 = ( 1 + 27 )( + 57 ) = − 2 + 57 + 27 − 27 57 is in ℎ, if − 37 + 27 67 = 0. The same condition is required for 5 2 to be in ℎ. Since 27 2 = 1, this condition is equivalent to 67 = 27 37 which is in the initial list.
Next, 2 6 = ( 1 + 27 )( + 67 ) = − 3 + 67 − 27 − 27 67 is in ℎ, if − 47 − 27 57 = 0. The same condition is required for 6 2 to be in h. Since 27 2 = 1, this condition is equivalent to 57 = − 27 47 which is in the initial list. Next, 5 6 = ( + 57 )( + 67 ) = − 67 − 57 − 57 67 is in h, if 57 57 + 67 67 = −1. The same condition is required for 6 5 to be in h. This is equivalent to the new condition − 37 37 − 47 47 = 1 found for 3 4 . To see this, note that the three conditions 57 = − 27 47 , 67 = 27 37 and 27 2 = 1 are in the initial list and together imply 57 2 = 47 2 and 67 2 = 37 2 .
The following list summarizes the conditions that the parameters 17 , 27 , 37 , 47 , 57 , 67 must satisfy to insure that all products considered thus far will be in ℎ = { 1 , 2 , 3 It is easy to check that these parameter values also satisfy the last two conditions. Therefore, the following 1-parameter sets of subalgebras in algebra (3, ) are found: It is easy to check that these parameter values also satisfy the last two conditions. Therefore, the following 1-parameter sets of subalgebras in algebra (3, ) are found: Additionally, the products 7 1 , 7 2 , 7 3 , 7 4 , 7 5 , 7 6 are in h without requiring any additional conditions for parameters 16 , 26 , 36 , 46 , 56 . These products are equal to 1 7 , 2 7 , Now consider the remaining products of basic elements for Basis (3) . For each, we will use the technique employed above to find any condition that must be met for the product to belong to ℎ. Consider the subspace ℎ = { 1 , 2 , 3 , 4 , 5 , 6 , 7 } and the specific products 5 6 and 6 5 . We have 5 6 = = , and 6 5 = = − . But, it is easy to check that vectors and − don't belong to the subspace ℎ. Therefore, ℎ is not a subalgebra of algebra (3, ) .
